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Abstract

In this paper we introduce a novel algorithm for
the induction of the Markov network structure of
a domain from the outcome of conditional inde-
pendence tests on data. Such algorithms work by
successively restricting the set of possible struc-
tures until there is only a single structure consistent
with the conditional independence tests executed.
Existing independence-based algorithms have well-
known shortcomings, such as rigidly ordering the
sequence of tests they perform, resulting in poten-
tial inefficiencies in the number of tests required,
and committing fully to the test outcomes, result-
ing in lack of robustness in case of unreliable tests.
We address both problems through a Bayesian par-
ticle filtering approach, which uses a population of
Markov network structures to maintain the poste-
rior probability distribution over them, given the
outcomes of the tests performed. Instead of a fixed
ordering, our approach greedily selects, at each
step, the optimally informative from a pool of can-
didate tests according to information gain. In ad-
dition, it maintains multiple candidate structures
weighed by posterior probability, which makes it
more robust to errors in the test outcomes. The re-
sult is an approximate algorithm (due to the use of
particle filtering) that is useful in domains where
independence tests are uncertain (such as applica-
tions where little data is available) or expensive
(such as cases of very large data sets and/or dis-
tributed data).

1 Introduction

In this paper we focus on the task of learning the structure
of Markov networks (MNs), a subclass of graphical mod-
els, from data in discrete domains. (Other graphical models
include Bayesian networks, represented by directed graphs.)
MNs consist of two parts: an undirected graph (the model
structure), and a set of parameters. An example Markov net-
work is shown in Fig. 1. Learning such models from data
consists of two interdependent problems: learning the struc-
ture of the network, and, given the learned structure, learning
the parameters. In this work we focus on structure learning of

Figure 1: Example Markov network. The nodes represent variables
in the domain V = {0, 1, 2, 3,4, 5,6, 7}.

the MN from data, which is frequently the most challenging
of the two tasks.

The structure of a MN encodes graphically a set of con-
ditional independencies among the variables in the domain.
These independencies are a valuable source of information in
a number of fields that rely more on qualitative than quanti-
tative models (e.g., social sciences). Markov networks have
also been used in the physics and computer vision commu-
nities [Geman and Geman, 1984; Besag et al., 1991], where
they have been historically called Markov random fields. Re-
cently there has been interest in their use for spatial data min-
ing, which has applications in geography, agriculture, clima-
tology, ecology and others [Shekhar er al., 2004].

2 Motivation and Related Work

There exist two broad classes of algorithms for learning
the structure of graphical models: score-based [Heckerman,
1995] and independence-based or constraint-based [Spirtes
et al., 2000]. Score-based approaches conduct a search in
the space of legal structures (of size super-exponential in the
number of variables in the domain) in an attempt to discover a
model structure of maximum score. Independence-based al-
gorithms rely on the fact that a graphical model implies that a
set of independencies exist in the distribution of the domain,
and therefore in the data set provided as input to the algorithm
(under assumptions, see below); they work by conducting a
set of statistical conditional independence tests on data, suc-
cessively restricting the number of possible structures consis-
tent with the results of those tests to a singleton (if possible),
and inferring that structure as the only possible one.

In this work we present an algorithm that belongs to the
latter category, that presents advantages in domains where
independence tests are (a) uncertain or (b) expensive. The
first case may occur in applications where data sets are small
relative to the number of variables in the domain. Case (b)
occurs in applications involving very large data sets (number
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of data points) and/or domains where the data are heteroge-
neously distributed i.e., where columns of the data set (at-
tributes) may be located in geographically distinct locations
(e.g., sensor networks, weather modeling and prediction, traf-
fic monitoring etc). In such settings conducting a conditional
independence test may be expensive, involving transfers of
large amounts of data over a possibly slow network, so it is
important to minimize the number of tests done.

Interesting work in the area of structure learning of undi-
rected graphical models includes learning decomposable
(also called chordal) MNs [Srebro and Karger, 2001] or more
general (non-decomposable) MNs [Hofmann and Tresp,
19981, which is a score-based approach. An independence-
based approach to MN structure learning is the GSIMN al-
gorithm [Bromberg et al., 2006], which uses Pearl’s infer-
ence axioms [Pearl, 1988] to infer the result of certain inde-
pendence tests without actually performing them. However,
GSIMN has two disadvantages: (i) potential inefficiencies
with regard to the number of tests required to learn the struc-
ture due to the relatively rigid (predefined) order in which
tests are performed, and (ii) potential instability due to cas-
cading effects of errors in the test results. Instead, the present
paper takes a Bayesian approach that maintains the posterior
probability distribution over the space of structures given the
tests performed so far. We avoid the inefficiencies of previous
approaches by greedily selecting, at each step, the optimally
informative tests according to information gain (decrease in
entropy of the posterior distribution). As such the approach
can be seen as an instance of active learning [Tong and Koller,
2001]. In addition, our approach is more robust to errors in
the test outcomes by making use of the probability of inde-
pendence instead of making definite decisions (corresponding
to probability O or 1). In this way an error in an independence
test does not permanently cause the correct structure to be
excluded but only lowers its posterior probability.

The rest of the paper is organized as follows: In the next
section we present our notation, followed by a description of
our approach in detail. Following that, we present experimen-
tal results and conclude with a summary of our approach.

3 Notation and Preliminaries

A Markov network of a domain V is an undirected model
that can be used to represent the set of conditional indepen-
dencies in the domain. The application domain is a set of
random variables of size n = |V|. In this work we use cap-
ital letters A, B, ... to denote domain random variables and
bold letters for sets of variables (e.g., S). The space of all
structures (given V) is denoted by X" and the space of all con-
ditional independence (CI) tests by ). Conditional indepen-
dence of A and B given S is denoted by (AL B | S). The
set of conditional independencies implied by the structure of
a MN are at least the ones that are implied by vertex sepa-
ration i.e., (ALLB | S) if A and B are separated in the MN
graph after removing all nodes in S (and all edges adjacent
to them). For example, in Fig. 1, (0114 | {2,7}). If exactly
those independencies hold in the actual probability distribu-
tion of the domain, we say that the domain and the graph are
faithful to one another. Faithfulness excludes certain distri-
butions that are unlikely to happen in practice, and is needed

Figure 2: Generative model of domain. Left: Correct. Right:
Assumed.

for proofs of correctness. It is therefore a common assump-
tion of independence-based algorithms for graphical model
discovery. We assume faithfulness in the present work.

As described later in our main algorithm, we maintain pop-
ulations of structures at each time step ¢; slightly abusing our
notation we denote these populations by &;. We denote a se-
quence of ¢ tests Y7,...,Y; by Y1, and a sequence of value
assignments to these tests (independence or dependence, cor-
responding to t rue and false respectively) by y;.;.

3.1 Generative Model over Structures and Tests

For an input data set D, our approach uses the posterior prob-
ability over structures Pr(X | D), X € X to learn the struc-
ture of the underlying model as explained in more detail in the
next section. For that probability to be calculated in a princi-
pled way, we need a generative model that involves variables
X, Y1,Y5,...,Y; and D that reflects any independence con-
straints among these variables. Our only constraint here is
the assumption that the tests are the sufficient statistics for the
structure i.e., there is no information in the data set D beyond
the value of the tests as far as structure is concerned. This
stems from the fact that the structure X faithfully encodes
the independencies in the domain. Note that this assump-
tion is not particular to our approach, but is implicit in any
independence-based approach. Our generative model only
formalizes it and makes it explicit.

The generative model that encodes this constraint is shown
in Fig. 2 (left), where X and D are d-separated by the tests
Y1,...,Y;. However, the posterior over structures Pr(X |
D) cannot be computed from this model because, accord-
ing to the model, Pr(X | D) = 37 = Pr(X | Yi; =
y1:t, D) Pr(Y1.: = w1 | D), which requires the computa-
tion of Pr(Y1.+ = y1.+ | D), currently an unsolved problem.
We therefore assume the model shown in Fig. 2 (right), which
contains multiple data sets Dy, ..., D, (abbreviated D;.;). In
this model, it can be shown that the tests Y; through Y; are
independent given data sets Dy.;. This allows the model to be
solved because now Pr(Y1.; = y1.+ | D) = HﬁzlPr(Yi =
yi | D;), where the factors Pr(Y; = y; | D;) can be com-
puted by known procedures such as the discrete version of
the Bayesian test of [Margaritis, 2005]. In practice we do not
have more than one data set, and therefore we use the same
data set for all tests i.e., D; = Dj, ¢ # j. Thus, the model
depicted on Fig. 2 (right) is used only as an approximation to
overcome the lack of an exact solution described above. As
we will show in the experiments section, this approximation
works well in both artificial and real world data sets.

Under this modified model, the posterior probability over
structures must now be computed given data sets D, i.e.,
Pr(X | D1.t), which we abbreviate as Pry(X). In our cal-
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culations below we also use the conditional entropy H (X |
Y1.t,D1.) of X given the set of tests Y7.; and the data sets
D1 .1, similarly abbreviated as Hy (X | Y1.).

Finally, the other parameters of the model are as follows:
the prior Pr(X) is assumed uniform, and each test Y; is com-
pletely determined given X = z i.e., Pr(Y; = true | X =
x) € {0, 1} (this is a direct consequence of the Faithfulness
assumption).

4 Approach

To learn the MN structure of a domain from data, we em-
ploy a Bayesian approach, calculating the posterior proba-
bility Pr;(z) of a structure € X given data sets Dy.;. The
problem of learning a structure in this framework can be sum-
marized in the following two steps: (i) finding a sequence of
tests Y1+ of minimum cost such that H(X | Y1.4,D1.4) = 0,
and (ii) finding the (unique) structure z* such that Pr(X =
2* | D1.t) = 1. (This is always possible due to our assump-
tion of Faithfulness, which guarantees the existence of a sin-
gle structure consistent with the results of all possible tests in
the domain.)

In practice, the above procedure presents considerable dif-
ficulties because:

e The space of structures X is super-exponential: |X| =

2(5). Thus, the exact computation of the entropy Hy (X |
Y1.), asum over all x € X, is intractable.

e The space of candidate tests )/ is also at least exponential
in size: there are (5) ("7;2) tests (ALLB | S) with |S| =
m, and m ranges from 0 to n — 2. Moreover, for a given

number of tests ¢, there exist ( Dt} I) possible candidate
test sequences Y7.; to consider.

We address the first issue using a particle filtering approach
(discussed in section 4.2). At each step ¢, we maintain a pop-
ulation of candidate MN structures X} for the purpose of rep-
resenting the posterior probability distribution over structures
given the outcomes of tests performed so far. In this way, all
required quantities, such as posterior probability Pr;(x) or
conditional entropy H:(X | Y1.t), can be estimated by sim-
ple averaging over the particle population X;. The second
issue (choosing the next test to perform) is addressed using a
greedy approach. At each step of our algorithm, we choose
as the next test to perform the member of ) that minimizes
the expected entropy, penalized by a factor proportional to
its cost. Since ) is exponential in size, the minimization is
performed through a heuristic search approach.
The next section explains our algorithm in detail.

4.1 The PFMN Algorithm

Our algorithm is called PFMN (Particle Filter Markov Net-
work structure learner), and is shown in Algorithm 1. At each
time step ¢, the algorithm maintains a set &} containing N
structure particles.

Initially, each structure in X} is generated by randomly and
uniformly selecting a number m of edges from 0 to (g), and
then randomly and uniformly selecting the m edges by pick-
ing the first m pairs in a random permutation of all possible
pairs. This ensures that all edge-set sizes have equal proba-
bility of being represented in Xj.

Algorithm 1 Particle Filter Markov Network (PFMN) algo-
rithm. x = PFMN (N, M, q(X* | X)).
1: Xy «— sample N independent structure particles uniformly
distributed among all edge-set sizes (see text).
2:t+—0
3: loop
4: Yi41 «— argmax

(a,p) ATE MaXg scores(A,B | S)

5 Yiggr «— Y U{Yiq1}

6: pr «— Pr(Diy1 | Yet1 = t) /* Perform test on data. */
7: pr «— Pr(Diq1 | Yeq1 = £) /* Perform test on data. */
8: Update Pr;41(X) from pr and pr using Eq. (5).

9: Xy «— PF(X, M, Priq1(X), q(X™ | X))

10: if Ht+1(X | Y1;t+1) = 0 then

11: return unique structure x such that Pr.(x) = 1

12: t—1t+1

At each time ¢ during the main loop of the algorithm (lines
3-12), the test Y;11 = (A*,B* | S*) € ) that optimizes
a score function is selected (the score function is described
below). Since for each pair of variables (A, B) € V x V the
space of possible conditioning sets is exponential (equaling
the power set of V — { A, B}), this optimization is performed
by heuristic search; in particular, first-choice hill-climbing is
used. During this procedure, the neighbors of a current point
S are all possible additions to S of a non-member, all possible
removals from S of a member, and all possible replacements
of a member of S by a non-member. The score of test Y; 1 is

defined as follows: _Ht(X Vi, Yion) "
W(Yis1)

where the factor W (Y") denotes the cost of Y, which we take
to be proportional to the number of variables involved in the
test. This factor is used to discourage expensive tests. Hy (X |
Y1.+, Yiq1) is the entropy given the (not yet performed) test
Y;+1, and is equal to:

Hy(X | Y14, Y1) = H(X | Y1) — IG(Yi1).  (2)
The derivation of Eq. (2) makes use of our generative model
(Fig. 2) and is simple and omitted due to lack of space. The
term [G¢(Y;4+1) denotes the information gain of candidate
test Y;+1 given all information at time t, i.e., data sets Dy,
and is equal to:

IGy(Yir1) = = Y Pro(a)log Pro(yiy | ) )
TEX
where by y{., we denote the value of tests Y7, in structure x
(each test is either t rue or false). The above expression
follows from Bayes’ rule and our generative model which im-
plies that given a MN structure x, any test Y is completely
determined using vertex separation (assuming Faithfulness).
This implies that Pr, (Y1t = y1.¢ | ) = 6(y1., ¥7.;), Where
d(a,b) is the Kronecker delta function that equals 1 iff a is
equal to b. We say that structure x is consistent with assign-
ment yy.; iff y¥,, = y1.1. The quantity Pri(yf,, | yi.;) of
Eq. (3) can be calculated as

scorey(Yip1) =

Zwle{ytm+1vyf;t} Pr, (Z’)

/
Yareyr,y Pre(@)
where by {y1.; } we denote the equivalence class of structures
2’ € X that are consistent with assignment y;.;. Using this

Pri(yiq | yie) = )
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notation, {y{,,} represents the set of all structures that imply
the same values for the CI tests Y7.; as structure x does. If =
and ' are in the same class {y;.; }, we say they are equivalent
w.r.t. tests Y7.; and we denote this by x ~; 2.

Eq. (4) has an interesting and intuitive interpretation: at
each time ¢, the posterior probability of a test Y being true
(false), given some assignment y;.; of tests Y7.;, equals the
total posterior probability mass of the structures in the equiv-
alence class {y;..} that are consistent with ¥ = true
(Y = false), normalized by the posterior probability mass
of the class {y1.¢}.

To compute the information gain in Eq. (2) we also need
the posterior Pr,(z) = Pr(z | Dy.,) of a structure x € X for
Eq. (3). As explained in section 3.1, we use the Bayesian
test described in [Margaritis, 2005]). This test calculates
and compares the likelihoods of two competing multino-
mial models (with different numbers of parameters), namely
Pr(D: | Vi = wt), v+ € {true, false}. Since according
to our generative model Pr(D; | y1.+,z) = Pr(D; | y;) and
Pr(yi¢ | ) = 6(yT.4, y1:t), by Bayes’ law wethave:

Pr(x | D1.t) o Pr(z) Pr(D1y | ) = Pr(x) HPr(Di | yf).

&)
The constant of proportionality is independent of x and thus
can be calculated by a sum over all structures in X'. As ex-
plained above, this, like all equations in this section that in-
volve summations over the space of structures X, is approx-
imated by a summation over X}, the population of particles
from the previous iteration of the algorithm.

This completes the description of test score function of
Eq. (1). Returning to our description of Alg. 1, lines 6 and 7
calculate the data likelihoods of the optimal test Y; 1, which
are used to update the posterior over structures and obtain
Pry41(X) using Eq. (5). With this updated distribution, the
new set of particles Xy, is computed in line 9 using the par-
ticle filter algorithm, described in the next section.

The PFMN algorithm terminates when the entropy Hy (X |
Y1.+) (estimated over the population X;) becomes 0, return-
ing the unique structure particle whose posterior probability
equals 1.

4.2 Particle filter for structures

A particle filter [Andrieu et al., 2003] is a sequential Markov-
Chain Monte-Carlo (MCMC) method that uses a set of sam-
ples, called particles, to represent a probability distribution
that may change after each observation in a sequence of ob-
servations. At each step, an observation is performed and a
new set of particles is obtained from the set of particles at the
previous step. The new set represent the new (posterior) dis-
tribution given the sequence of observations so far. One of
the advantages of this sequential approach is the often drastic
reduction of the cost of sampling from the new distribution,
relative to alternative (non-sequential) sampling approaches.
In our case, the domain is X and particles represent struc-
tures. Observations correspond to the evaluation of a single
CI test on data.

The particle filter algorithm, shown in Algorithm 2, is
used in line 9 of PFMN to transform population X; to X4 .
The change in the probability distribution from Pr,(X) to

Algorithm 2 Particle filter X =

PF(X, M, f,q).

 Pri(X) — (X)

: for all particles x € X do
Pr¢(z)

Pry_q(z)

: for all particles x € X do

w(z) — STl wiw)

o' ex w(@)

: /% Resample particles in X using W as the sampling probabili-
ties. ¥/

2 X' —— resample(X, W)

: /% Move each particle in X' M times using Metropolis-Hastings
and distribution Pr(X). ¥/

9: X' +— o

10: forallz € X' do

11: X" — X" UM-H(xz, M,Pry, q).

12: return X"

algorithm.

w(zx) — /% Compute weights. */

/* Normalize weights. */

S LA W~

o0

Algorithm 3 Metropolis-Hastings algorithm. =
M — H(z,M,p,q).
1@ — g
2: fort =0to M — 1do
u ~ u[O,l] .

3
4 x* ~ q(z* | D).

S () %) — mi p*)q(@]z*)
50 ifu< A2, 2*) =min {1, p(xi)q(w*‘x(i))}then
6 :C(i+l) - m*
7
8

= DI C)

10: return z’

Pr;y1(X) is reflected in a “weight.” This weight is used as
a probability in the resampling step (line 7) to bias selection
(with replacement) among the particles in &;. In the final
step, all particles are “moved” (lines 9—11) through M pairs
of proposal/acceptance steps within the Metropolis-Hastings
(M-H) algorithm, shown in Alg. 3 [Andrieu et al., 2003]
(in our experiments we use M = 16). This algorithm re-
quires that Pr,(X) and a proposal distribution ¢(X™* | X) be
provided as parameters. Pr;(X) has already been addressed
above in Eq. (5). As in many particle filtering applications,
the proposal distribution is a key factor for the success of
PFMN, and is discussed in detail in the next section.

4.3 Proposal distribution for structures

As discussed previously, to use the Metropolis-Hastings al-
gorithm one must provide a proposal distribution. Here, we
use a mixture proposal ¢ = p,qa + (1 — pa)qp, consisting of
a global component g, and a local component ¢,. (We used
pe = 0.05 in our experiments). The components g, and gy
are as follows:

e Global proposal ¢, (Random walk): ¢, (z* | =) gen-
erates a sample z* from x by iteratively inverting each
edge of x with probability «. (In our experiments, we
use &« = 0.05). Thus, if h denotes the Hamming dis-
tance between structures 2 and z*, and m = n(n—1)/2,
where n is the number of nodes (same for both struc-
tures), we have that ¢, (2* | ) = a™(1 — o)™ ",

e Local proposal ¢, (Equivalence-class moves): g,(z* |
x) chooses to either (a) remove an edge from set A~ ()
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Figure 3: Performance comparison of PFMN vs. GSIMN for artificial domains. Left: Ratio of weighted cost for n = 16,20 and 7 =
0.1,0.3,0.5,0.7,0.9. Middle: Accuracy for n = 16,20 and 7 = 0.1, 0.3,0.5,0.7,0.9. Right: Number of tests of conducted by PFMN and

GSIMN compared to (5).

(described below), (b) add an edge from set AT (z), or
(c) remove an edge e and add e’ where (e, e’) € A*(x).
Each of (a), (b), or (c) is chosen with probability 1/3.
Sets At (x), A~ (x) , and A*(z) are defined as:

A" (x)={e€ E(x) |2’ = (V,E(x) - {e}),2 ~ x}
At(x)={e€ E(x) |2 = (V,E(x)U{e}), 2’ ~; x}
A (z)={(e,e) | e € E(z),€¢ € E(z) U {e},
o=V, (E(@) —{e}) U{e}), 2" ~ }

where E(x) is the set of edges of structure = and E(z)
is its complement. The set A™(x) (A~ (x)) is the set of
all edges that are missing (existing) in x that if added
to (removed from) z, produce a structure that will be
equivalent to x i.e., in class {y¥,}. The set A* () is the
set of edge pairs (e, €’) such that if e is removed and e’
added to x the resulting structure will also be equivalent.
Therefore the result of any move under this proposal is
a structure that is guaranteed to be equivalent to z, with
Hamming distance from x of at most 1.

The local proposal was designed to maximize accep-
tance of proposed moves (i.e., line 5 of the M-H algorithm
evaluating to true) by proposing moves to independence-
equivalent structures, which have provably the same posterior
probability. A well-designed proposal ¢(X* | X) i.e., one
that ensures convergence to the posterior distribution Pr; (X ),
must also satisfy the requirements of aperiodicity and irre-
ducibility [Andrieu et al., 2003]. The above proposal ¢ satis-
fies both requirements: it is aperiodic since it always allows
for rejection, and irreducible since its support is the entire set
of structures X.

5 Experiments

We experimentally compare PFMN with the GSIMN al-
gorithm of [Bromberg et al., 2006] on both artificial and
real-world data sets. GSIMN is a state-of-the-art exact
independence-based algorithm that uses Pearl’s axioms of CI
tests to infer certain tests without actually conducting them.
We report: (a) weighted number of tests, and (b) accuracy.
The weight of each test is used to account for the execu-
tion times of tests with different conditioning set sizes, and
is taken to be the number of variables involved in each test—
see [Bromberg et al., 2006] for details. To obtain the quality

of the recovered network, we measure accuracy as the frac-
tion of unseen CI tests that are correct i.e., we compare the
result of each test on the resulting structure (using vertex sep-
aration) with the true value of the test (calculated using vertex
separation in the true model for artificial domains or statisti-
cal tests on the data for real-world domains). The purpose
of this procedure is to measure how well the output network
generalizes to unseen tests.

5.1 Artificial Experiments

We first evaluated our algorithm in artificial domains in which
the structure of the underlying model, called true network, is
known. This allowed (i) a systematic study of its behavior
under varying conditions of domain sizes n and amount of
dependencies (reflect in the number of edges m in the true
network), and, (ii) a better evaluation of quality of the output
networks because the true model is known. True networks
were generated randomly by selecting the first m = T(g)
pairs in a random permutation of all possible edges, T being
a connectivity parameter.

Fig. 3 shows the results of experiments for which CI tests
were conducted directly on the true network through vertex-
separation, i.e., outcomes of tests are always correct. Fig. 3
(left) shows the ratio of the weighted cost of CI tests con-
ducted by PFMN compared to GSIMN for two domain sizes
n = 16 (above) and n = 20 (below), a number of connectiv-
ities (7 = 0.1,0.3,0.5,0.7, and 0.9), and an increasing num-
ber of structure particles N. We can see that weighted cost of
PFMN is lower than that of GSIMN for small (7 = 0.1,0.3)
and large (7 = 0.7,0.9) connectivities, reaching savings of
up to 78% for n = 20 and 7 = 0.1. The case of 7 = 0.5 is
inconclusive—PFMN does better in some, but not all cases.
This can be explained by the fact that the number of structures
with connectivity 7 grows exponentially as 7 approaches 0.5
(from either side), which clearly makes the search task in
PFMN more difficult. Fig. 3 (middle) shows that even though
PFMN is an approximate algorithm, its accuracy for large
enough number of particles NV is exactly 1 in all but a few
cases (e.g., N = 160,n = 16,7 = 0.5). GSIMN is an exact
algorithm, i.e., its accuracy is always 1 when independence
tests are correct, which is the case for the above experiments.
Its accuracy is thus omitted from the figures. Fig. 3 (right)
shows that PFMN does much fewer (non-weighted) test than
GSIMN, and very close to the optimal number of tests which
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Table 1: Comparison of PFMN vs.
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Figure 4: Performance comparison of PFMN and GSIMN on datg. Left . Accuracy of 12l s o001l 1355 c1a 10397 0936
PFMN and GSIMN vs. data set size for sampled data. Right: Ratio of weighted cost of 15 imports-85 25 193 | 633 259 | 0.688 0.688
PFMN vs. GSIMN and difference between accuracy of PFMN and GSIMN on real data 16| flag 29 194 | 839 320 | 0.878 0.878
GS y GS 17| dermatology 35 358 | 1211 408 | 0.813 0.754

sets. The numbers on the x-axis correspond to data set indices in Table 1.

is log 2(3) = (g) assuming a uniform distribution over struc-

tures, since the size of the space of structures is 2(2). The
figure shows that PFMN is very close to this optimal for a
range of domain sizes n.

We also compared the robustness of PFMN and GSIMN to
uncertainty in the outcome of tests. This uncertainty is ex-
pected to occur in small data sets. Data sets of different sizes
were sampled from true networks of n = 20 and n = 16 vari-
ables both of connectivity 7 = 0.5. Fig. 4 (left) shows the ac-
curacy of PFMN and GSIMN vs. the size of the data set (| D).
Accuracy of PFMN clearly outperforms that of GSIMN, with
the gap between their accuracies growing steadily with the
data set size for both n = 16 and n = 20.

5.2 Real-World Experiments

We also conducted experiments on a substantial number of
data sets obtained from the UCI ML archive [D.J. Newman
and Merz, 1998]. As above, we compare the weighted cost
and accuracy of PFMN vs. GSIMN. Fig. 4 (right) shows the
ratio of the weighted cost of PFMN vs. GSIMN (i.e., a num-
ber smaller than 1 shows improvement of PFMN vs. GSIMN)
and the difference in accuracies of PFMN and GSIMN (i.e.,
a positive histogram bar shows an improvement of PEFMN vs.
GSIMN). In these experiments, PFMN used N = 200. The
numbers in the z-axis are indices to the data sets shown in
table 1. For 15 out of 17 data sets, PFMN required lower
weighted cost, reaching ratios as low as 0.38. Moreover, for
11 out 17 data sets PFMN achieves this reduction in cost with
little or no reduction in accuracy compared to GSIMN, the
rest exhibit only a modest reduction (less than 15%).

6 Summary and Conclusion

In this paper we presented PFMN, an independence-based al-
gorithm for learning the structure of a Markov network from
data. We presented an analysis of the domain of structures
and independencies and a number of interesting relations us-
ing an explicit generative model. We also showed experi-
mentally that, compared to existing independence-based al-
gorithms, PFMN is more resistant to errors in the test con-
ducted and executes fewer tests in many cases. This helps in
domains where data are scarce and tests uncertain or data are
abundant and/or distributed over a potentially slow network.

References

[Andrieu et al., 2003] C. Andrieu, N. de Freitas, A. Doucet, and
M. Jordan. An introduction to MCMC for machine learning. Ma-
chine Learning, 50:5-43, 2003.

[Besag et al., 1991] J. Besag, J. York, and A. Mollie. Bayesian im-
age restoration with two applications in spatial statistics. Annals
of the Institute of Statistical Mathematics, 43:1-59, 1991.

[Bromberg et al., 2006] F. Bromberg, D. Margaritis, and
V. Honavar.  Efficient Markov network structure discovery
using independence tests. In SIAM International Conference on
Data Mining, 2006.

[D.J. Newman and Merz, 1998] C.L. Blake D.J. Newman, S. Het-
tich and C.J. Merz. UCI repository of machine learning
databases. 1998.

[Geman and Geman, 1984] S. Geman and D. Geman. Stochastic
relaxation, Gibbs distributions, and the Bayesian relation of im-
ages. PAMI, 6:721-741, 1984.

[Heckerman, 1995] D. Heckerman. A tutorial on learning Bayesian
networks. Technical Report MSR-TR-95-06, Microsoft Re-
search, 1995.

[Hofmann and Tresp, 1998] R. Hofmann and V. Tresp. Nonlinear
Markov networks for continuous variables. In NIPS 98, vol-
ume 10, pages 521-529, 1998.

[Margaritis, 2005] D. Margaritis.
Bayesian network structure in continuous domains.
AAAI Press, 2005.

[Pearl, 1988] J. Pearl. Probabilistic Reasoning in Intelligent Sys-
tems: Networks of Plausible Inference. Morgan Kaufmann Pub-
lishers., 1988.

[Shekhar et al., 2004] S. Shekhar, P. Zhang, Y. Huang, and R. Vat-
savai. Trends in spatial data mining. chapter 19, pages 357-379.
AAAI Press / MIT Press, 2004.

[Spirtes et al., 2000] P. Spirtes, C. Glymour, and R. Scheines. Cau-
sation, Prediction, and Search. Adaptive Computation and Ma-
chine Learning Series. MIT Press, 2nd edition, 2000.

[Srebro and Karger, 2001] N. Srebro and D. Karger. Learning
Markov networks: Maximum bounded tree-width graphs. In
ACM-SIAM Symposium on Discrete Algorithms, 2001.

[Tong and Koller, 2001] S. Tong and D. Koller. Active learning for
structure in Bayesian networks. In IJCAL 2001.

Distribution-free learning of
In AAAL

I[JCAI-07
2436




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


